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Abstract

We study the online allocation of finite, non-replenishable resources to self-interested
buyers with private types who demand bundles of goods. The planner knows the type
distribution and associated valuations but does not observe each arriving buyer’s type. This
informational constraint creates an implementability gap: type-observing allocation policies
achieve constant regret, whereas conventional bid-price mechanisms, though implementable
under private type information, can incur regret on the order of v/T', where T is the number
of buyers. The gap arises because posted prices can induce indifference, leaving the buyer’s
action not uniquely determined.

We close this gap with Perturbed Posted Price (PPP), an online and anonymous mech-
anism that posts a single vector of item prices together with a type-independent payment
adjustment that depends on the chosen lottery over bundles. The adjustment induces the
randomization needed when buyers are indifferent while preserving decentralized buyer self-
selection. We prove that PPP achieves constant regret relative to the hindsight first-best
for online packing (network revenue management), with a bound independent of both the
horizon and initial inventory. We also extend our construction to online matching.

To the best of our knowledge, PPP is the first online, anonymous mechanism based on a
single price vector to achieve constant regret in these private-information allocation settings.
The mechanism is derived from a nonsmooth regularization of the fluid relaxation, revealing
a broader role for regularization as a mechanism design instrument: it selects implementable
behavior at indifference while stabilizing the allocation target against stochastic demand

fluctuations.
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1 Introduction

A central problem in online resource allocation is how to allocate scarce capacity among het-
erogeneous buyers who arrive sequentially. The planner faces two sources of uncertainty. First,
allocation decisions are irrevocable and must be made before future demand is realized, requiring
the planner to preserve capacity for valuable future uses. Second, in many markets, the planner
does not observe the current buyer’s type. She may know the distribution of buyer types and
the valuation function associated with each type, but the buyer’s realized type remains private.

Posted prices are the prevailing decentralized interface under such private information. The
planner announces prices without observing the current buyer’s type, and the buyer self-selects
a utility-maximizing item or bundle. Cloud computing illustrates this informational structure:
providers post prices for heterogeneous configurations of computing power, memory, storage, and
network capacity, while customers privately know the value of workloads such as model training,
fine-tuning, and inference. AWS Spot Instances (Amazon Web Services), for example, post prices
that vary across instance types and availability zones. Similar informational constraints arise in
applications such as airline seats, hotel rooms, and display advertising.

We study a finite-horizon online allocation problem with m types of indivisible resources
and finite, non-replenishable initial inventories. A sequence of T self-interested buyers arrive
online. There are finitely many buyer types, with each type associated with a publicly known
valuation function over bundles of resources; buyers have quasilinear utility. Buyer types are
drawn independently from a known distribution, but each realized type is privately known by the
buyer. The planner seeks to maximize the expected social welfare using an online, anonymous
mechanism that relies on a single vector of item prices and decentralized buyer self-selection. Our

framework encompasses online packing (network revenue management) and online matching.

1.1 The implementability gap
We evaluate the performance of a mechanism relative to the hindsight-first-best, which observes
the entire realized sequence of buyer types and selects the welfare-maximizing feasible allocation.
Regret is the difference between the expected hindsight-first-best welfare and the mechanism’s
expected welfare. The strongest possible performance guarantee in this framework is constant
regret, meaning that the regret bound is independent of both the horizon T and the initial
inventory vector b.

When the arriving buyer’s type is observable, constant regret is attainable. In particular,

Vera and Banerjee (2021) introduce compensated coupling and construct constant-regret al-



location policies for online packing and matching. Related guarantees have been established
for broader online control problems (Arlotto and Gurvich 2019, Bumpensanti and Wang 2020,
Vera et al. 2021). These results show that uncertainty about future arrivals, by itself, does not
preclude constant regret. These policies condition allocation decisions directly on the realized
buyer type. They therefore do not immediately yield mechanisms in our private-information
environment. To implement such allocations without observing private information, the planner
must induce each buyer to select the desired allocation through the terms of the mechanism
itself.

On the other hand, classical bid-price controls satisfy this informational requirement. They
solve a deterministic fluid relaxation and post the resulting dual variables as resource prices
(Talluri and Van Ryzin 1998, Jasin and Kumar 2012, Agrawal et al. 2014); each buyer’s utility
maximization then determines the allocation. This decentralizability can come at a performance
cost. Standard bid-price controls can incur Q(\/T ) regret on network revenue management

instances (Jasin and Kumar 2013). Thus, private information creates an implementability gap.

1.2 Why posted prices alone fail: indifference

A one-resource example isolates the obstruction. Suppose there are T periods, an initial inven-
tory of 3T'/4, and two equally likely buyer types. A high type values one unit at 2, and a low
type values it at 1. The fluid allocation serves all high types and exactly one half of the low
types. A policy that observes types can regulate low-type admissions around this target while
preserving capacity for later high types.

The unique optimal resource price is 1. At this price, a high type strictly prefers to buy,
whereas a low type is indifferent between buying, not buying, and any lottery between the two.
The posted price therefore implements the desired action for the high type but provides no
instruction that induces the required one-half purchase probability for low types.

Under conventional re-solving bid-price controls, diffusion-scale fluctuations in early demand
can lead to excessive admissions of low types and subsequently exhaust capacity needed by high
types. The resulting displacement can produce regret on the order of v/T (Jasin and Kumar
2013). The problem is that a single linear price cannot communicate the desired interior action

to an indifferent buyer. We simulate this example in Figure 1.
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Figure 1: Illustration of the Q(\/T) regret of the conventional re-solving bid-price control.

The example exposes a gap between the performance attainable by a centralized policy that

observes buyer types and the performance attainable through posted prices. We ask:

Can an online, anonymous mechanism based on a single vector of item prices achieve

constant regret without observing buyers’ private types?

1.3 Mechanism and contributions
We answer this question in the affirmative with Perturbed Posted Price (PPP), a minimal aug-
mentation of the standard posted-price interface. In each period, PPP posts one vector of item
prices and a publicly announced, type-independent payment adjustment that depends on the
buyer’s chosen lottery over bundles. The buyer pays the expected posted price payment together
with the adjustment and chooses the lottery that maximizes her expected utility. The payment
adjustment induces the randomization needed when posted prices alone create indifference.

The mechanism has a useful optimization interpretation. We show that PPP is action com-
patible with an ¢;-regularized fluid relaxation. The kink in the ¢; term turns the knife-edge
indifference condition in complementary slackness into a finite prescription: purchase, not pur-
chase, or use a designated lottery, depending on whether the buyer’s surplus is above, below, or
within a small band around the perturbed dual price. This piecewise structure makes the reg-
ularized solution implementable through a single vector of item prices and a type-independent
payment adjustment.

Our main performance result establishes that PPP achieves constant regret. The regret bound
depends on the model primitives and the regularization budget but is independent of both the

horizon T and the initial inventory b. We establish an analogous result for online matching.



The analysis also reveals a broader methodological role for regularization in mechanism
design. Our proof combines ideas from compensated coupling (Vera and Banerjee 2021) with
Lipschitz stability of linear programs (Mangasarian and Shiau 1987). Regularization serves
two functions simultaneously: it selects an implementable action when posted prices induce
indifference, and it stabilizes the allocation target against stochastic perturbations in residual
demand. To the best of our knowledge, PPP is the first online, anonymous mechanism based
on a single item-price vector and a type-independent payment adjustment to achieve constant

regret in these private-information online allocation problems.

1.4 Other related work

This paper contributes to the literature on online resource allocation, revenue management, and

market design through prices.

Revenue management, bid prices, and re-solving. Classical revenue management re-
places stochastic demand by its expectation and uses a deterministic program to derive capacity
controls and shadow prices (Gallego and Van Ryzin 1994, 1997). Bid-price controls decentralize
these dual variables as resource prices: a request is accepted when its reward exceeds the op-
portunity cost of the resources it consumes. Talluri and Van Ryzin (1998) establish asymptotic
optimality in a large-market regime, and subsequent work develops dynamic re-solving meth-
ods with stronger performance guarantees under structural conditions (Jasin and Kumar 2012).
Standard bid-price methods are attractive because they are decentralized, but known instances
exhibit Q(v/T) regret that frequent re-solving does not eliminate (Jasin and Kumar 2013). We
introduce a minimal modification of the posted-price interface that achieves O(1) regret.

Wang and Wang (2022) establish a closely related constant-regret result for price-based
revenue management. Despite the common use of dynamically updated prices, the economic role
of prices differs fundamentally across the two settings. In their model, prices are controls chosen
by a seller to maximize expected revenue by influencing aggregate demand. We instead study
prices in a Walrasian coordination role: an anonymous vector of item prices must decentralize
a welfare-maximizing allocation among buyers with private preferences over bundles. Payments
are transfers and do not enter our welfare objective. This distinction creates an implementation
problem absent from the model of Wang and Wang (2022): when a buyer is indifferent, a linear

item-price vector need not induce the randomized action required by the welfare target.

Constant-regret online allocation. A recent literature studies when online allocation poli-

cies can track stochastic demand with only a constant additive loss. Arlotto and Gurvich (2019)



obtain constant regret in the multisecretary problem; Vera and Banerjee (2021) develop com-
pensated coupling for finite-type packing and matching; and related guarantees follow from
re-solving and geometric methods (Bumpensanti and Wang 2020, Vera et al. 2025). These
results provide an important performance benchmark for our analysis. However, their policies
condition actions on an observed request type. Our mechanism instead posts a type-independent
menu without knowing the current buyer’s private type.

Vera et al. (2021) provide a related pricing result in a model in which the seller observes a
customer category and chooses a category-specific price, while the customer’s valuation is private.
Our information structure is different: the entire buyer type is private, and the mechanism posts
a single anonymous vector of linear resource prices rather than a category-contingent pricing

rule.

Prices, indifference, and market coordination. Our implementability problem is closely
related to the literature on whether prices alone can coordinate decentralized markets. Hsu et al.
(2016) show that a Walrasian price vector need not select a feasible welfare-maximizing allocation
when buyers break ties independently, and they identify conditions under which uncoordinated
tie-breaking creates limited over-demand. In a gross-substitutes environment, Paes Leme and
Wong (2020) characterize robust Walrasian prices under which every buyer has a unique de-
manded bundle and aggregate demand clears the market. Rather than imposing genericity or
uniqueness to eliminate indifference, our mechanism minimally perturbs the Walrasian price

interface to recover implementability.

Regularization in revenue management and online allocation. Regularization has been
used to stabilize bid-price controls and optimization solutions (Akan and Ata 2009, Ata and
Akan 2015, Mangasarian and Shiau 1987), and nonlinear regularizers can encode objectives
such as fairness (Balseiro et al. 2025). In our paper, regularization plays a different role as an
implementation device. The kink in the ¢; penalty converts a knife-edge indifference condition
into a finite action prescription that can be implemented through a single vector of item prices
and a type-independent payment adjustment. This also explains why the ¢; form is important
for our construction. A smooth penalty generally induces an interior choice probability that
varies continuously with surplus, whereas the ¢; penalty generates the piecewise response used

by our mechanism and analysis.

Notation. We use Ry to denote the set of nonnegative real numbers and Z to denote the set

of nonnegative integers. We denote the set of positive integers {1,2,--- ,n} by [n].



2 Model

We study an online resource allocation problem over a finite horizon of T periods. Time is
indexed backward: t € {T,T —1,...,1} denotes the number of periods remaining, including the
current period. The planner observes the public history and remaining inventory but not the

current buyer’s type.

2.1 Model primitives
Resources. There are m types of indivisible resources, indexed by i € [m]. The initial inven-
tory vector is b = (b;)icm) € Z'. Let by = (bit)iepm) € Z7 denote the inventory available at

the beginning of period ¢, with by = b. Resources are non-replenishable.

Buyers and arrivals. There are n buyer types, indexed by j € [n]. Exactly one buyer
arrives in each period. The period-t buyer’s type j; is drawn independently from a known

distribution p = (p;);e[n, Where p; > 0 for every j and jpj = 1. The distribution p is

JE[n
common knowledge. The realized type j; is privately observed by the buyer and is never directly
reported to the planner. The planner may observe only the buyer’s menu choice and the realized

allocation.

Bundle, feasibility, and valuations. Let S be a finite set of admissible bundles. Each bundle
S € S is represented by a consumption vector ag = (a@g)ie[m} € Z', where a; s is the number
of units of resource ¢ consumed by bundle S. The null bundle () belongs to S and satisfies
ag = 0. We assume that every non-null bundle consumes at least one unit of some resource.

Given inventory b; € Z'!, the set of feasible bundles is
S(bt)é{SGSZaS Sbt},

where the inequality is componentwise. For any finite set A, let

A(A)é{UERﬁ:Zagzl}

SeA

denote the probability simplex over A.

Each type j has an extended-real valuation function v; : S — Ry U {—o0}, with v;(0) = 0.
We use v;(S) = —oo to exclude bundles that type j does not desire; consequently, any lottery
assigning positive probability to such a bundle yields utility —oo. Valuation functions and

consumption vectors are common knowledge. If a type-j buyer purchases bundle S and makes



total payment ¢, her quasilinear utility is
u;(S,q) = v;(S) —q.

Buyers are risk neutral and therefore evaluate lotteries by expected utility.

Social welfare. Let S; € S(b;) denote the random bundle allocated in period t. Pathwise

social welfare is

T
SW £ "0;,(S).
t=1

Item-price payments and payment adjustments are transfers between buyers and the planner
and therefore do not enter social welfare. If the adjustment is instead interpreted as an external
implementation cost, we show later that its total magnitude under our proposed mechanism is
uniformly bounded independently of the horizon T'. Thus, this alternative interpretation affects

welfare by at most a horizon-independent constant.

2.2 Generalized posted-price mechanisms

A conventional posted-price mechanism announces item prices and lets the arriving buyer choose
a utility-maximizing bundle (see, e.g., Milgrom 1989). We consider a minimal generalization in
which the mechanism also announces a signed payment adjustment that depends on the buyer’s
chosen lottery over bundles. A positive adjustment is a rebate to the buyer, whereas a negative
adjustment is an additional charge. This generalization preserves the decentralized posted-menu
interface while allowing the mechanism to induce the desired randomization when posted prices

alone leave the buyer indifferent.

Definition 1 (Generalized posted price mechanism). In each period ¢, the mechanism proceeds

as follows.

1. Without observing the arriving buyer’s type, the planner publicly announces a price vector

At = (Nit)iepm) € RY, and an adjustment function
y(-) : A(S(by)) = R.

A lottery o € A(S(b;)) has expected item-price payment ) g S(by) osA/ ag and receives
adjustment y(o). Equivalently, its expected net payment is the expected item-price pay-

ment minus y(o).



2. The buyer privately observes her type j; and chooses a lottery oy € A(S(b;)) maximizing

her expected utility

O € arg max Z o3 (vjt(S) - )\tTas) +y(o) ;. (1)
A(S(by)) SES(by)

3. The planner draws Sy ~ o, allocates Si, charges the realized item-price payment )\tT ag,

and applies the adjustment y(oy). The inventory updates as b, = b; — ag,.

We focus on posted price mechanisms that are online and anonymous. Let H; denote the
public history at the beginning of period ¢: it contains initial inventory b, all previously posted
prices {\:}1_, ;, buyers’ previous chosen lotteries {o;}1_, ,;, and realized allocation outcomes

{S:}_, +1- It does not contain any buyer’s private type.

Definition 2 (Online and anonymous posted-price mechanism). A generalized posted-price
mechanism is online if the price A; is measurable with respect to H; in every period. It is
anonymous if the same menu is offered to every possible current buyer and cannot condition on

the current buyer’s private type.

This is an indirect self-selection mechanism. The buyer is never asked to announce her type;
after observing the posted menu, she simply chooses a utility-maximizing lottery according to
(1). Individual rationality holds whenever the null lottery is feasible and the corresponding

adjustment satisfies y(dp) > 0, because opting out then yields utility at least zero.

2.3 Optimality criterion

For a mechanism 7, define its expected social welfare by

SW™ £ E

)

T
> v (ST)
t=1

where the expectation is over buyer types and any randomization in the mechanism. We bench-
mark SW™ against the hindsight first-best. For a realized type sequence w = (jr,--- , 1), the

hindsight first-best social welfare is the value of:

T T
SWIB(w) £ {maxsl7...7ST€5 Zva(ST) subject to ZaST <b }

T=1 T=1



Let SWFB £ E[SWFB(w)]. The regret of mechanism 7 is
REG(m) & SW'B _ sW~. (2)

We say that 7 achieves constant regret if REG(7) is bounded by a constant that is independent
of the horizon length T" and the initial inventory b, while possibly depending on fixed model

primitives such as the type distribution, valuation functions, and resource-consumption vectors.

Remark 1 (Relationship with online resource allocation policies). The model nests standard
online packing (including network revenue management) and online matching, once rewards are
interpreted as buyer valuations in quasilinear utility. Most online resource allocation algorithms
observe the arriving request type and then prescribe an allocation. Such algorithms remain valid
performance benchmarks, but they are not directly implementable as mechanisms unless their

prescribed actions can be implemented through a menu offered without observing the current

type.

2.4 Examples
The following examples illustrate how familiar bid-price controls relate to Definition 1. The first
two can be implemented using a single item-price vector and an adjustment function, whereas

the third generally requires a richer, nonlinear bundle-price menu.

Example 1 (Ordinary posted-prices and classical bid-price control). If y = 0, Definition 1
reduces to an ordinary posted-price mechanism. At time ¢, the planner posts A, and a type-j
buyer chooses a bundle in

arg max{v;(S) — A/ ag}.
SES(by)

Because the null bundle is available, the buyer selects a non-null bundle only when its maximal
surplus is nonnegative. Thus, bid prices implement allocation decision through buyer self-
selection without requiring the planner to observe j;. This decentralizability can come at a
performance cost: ordinary bid-price controls need not achieve constant regret, and known

network revenue management instances have Q(v/T) regret (see, e.g., Jasin and Kumar 2013).

Example 2 (Quadratically perturbed bid-price control). Ata and Akan (2015) propose a quadrat-

ically perturbed bid-price control for network revenue management. A decentralized mechanism

10



implementation of this policy satisfies Definition 1, where the adjustment function is chosen as

0 2
y(o) = ) Z 0s
SeS\{0}
for some § > 0. The opt-out lottery yields zero utility, so the implementation remains individu-

ally rational. They prove a regret bound of O(d6T).

Example 3 (The BudgetRatio policy of Vera et al. (2025)). Vera et al. (2025) propose the
BudgetRatio policy and show that it admits a max-bid-price representation and achieves constant
regret. In general, however, this representation falls outside Definition 1. Implementing it as
a menu at time ¢ would require posting a collection of price vectors (}\t,l, ey /\t,,ﬂ), where r;
is determined by the collection of relevant bases of the residual allocation problem. A buyer
selecting bundle S would then be charged maxye(y,] )\Z xas. Hence, bundle prices are given by
the upper envelope of several linear price schedules rather than by a single linear item-price
vector, as required by Definition 1. In contrast, our mechanism posts a single item-price vector

in every period.

3 Perturbed Posted Price for Online Packing

In the online packing (network revenue management) setting, each type-j buyer is single-minded:
she values a single non-null bundle s; € S at r; = vj(s;) > 0, values the null bundle at zero,

and assigns value —oo to every other bundle. Define
a; £ ag, = (aiyj)ie[m] S ZT, A2 [a1 cee an] € ZTXTL
By the assumption in Section 2, every column of A is nonzero. Define

démaXHajHl, Tmax émaxrj, a2 e/T.

Jj€ln] Jj€ln]
Here € > 0 is fixed independently of both T" and the initial inventory. The coefficient v will scale
the fluid regularizer.

3.1 Intuition from the regularized fluid problem

For an inventory vector b € R’ and a vector of demand arrivals u € R}, define the value of the

fluid problem (FP):

11



F(b,u) = max Z % (3)
zERT
T €]

subject to Az < b, 0<z<uj, je€]n]

At state (¢, by), the value of the fluid problem is F'(by, tp). In the presence of a social planner
that can observe the types of the arriving buyers, at any ¢ € [T], the optimal solution zj* can
be interpreted as the target number of type-j requests that the system should accept over the
remaining ¢ periods, while ignoring the stochasticity and integrality of decisions in the system.
In our analysis, FP will serve as an upper bound on the hindsight first-best.

Posted-price mechanisms respect the informational constraints of the setting because the
mechanism need not observe the buyer’s type; instead, the buyer self-selects from the posted
menu. To the best of our knowledge, no existing posted-price mechanism achieves constant regret

without additional assumptions. We take a novel approach and introduce ¢;-regularization into

the fluid problem. The resulting regularized fluid problem (RFP) at time ¢ is:

®,(b,u) £ max Z (rjzj -« ‘Zj - ﬁ‘) (4)

zERY pourms 2

subject to Az < b, 0<z<uwj, je€]n]

Let Z(b,u) denote the set of optimizers of (4). Because the feasible region is nonempty and
compact, this set is nonempty. Our mechanism is constructed from the dual of this regularized

fluid problem:

- L ‘ T _al _— _— ﬁ‘
Dual-RFP(b,u) { mlri b'A+ ;} Ogril]a;(uj {(rj a; A) Zj — ‘zj } } (5)
jE[n

Let A(b,u) be its set of optimal solutions. Strong duality holds because (4) is a convex opti-

mization problem. The next lemma records the exact coordinate-wise implication of optimality.

Lemma 1 (Coordinate characterization of the regularized fluid optimum). Fiz (b,u), z* €

12



Z(b,u), and A* € A(b,u). For every j € [n],

{u;}, rj— a;-r)\* > a,

[w;/2,uj], rj— ajT)\* = q,

%€V {w/2}, —a<rj—alX<a, (6)
0,u;/2], rj— ajT)\* = —aq,
{0}, i — ajT)\* < —a.

Proof of Lemma 1. For any primal-dual optimal pair, equality of the primal and dual values
implies that each z; maximizes the scalar term in (5). On [0,u;/2] that scalar objective has
slope 7; — ajT)\* + o, and on [u;/2,u;] it has slope r; — ajTA* — a. The five cases in (6) follow

immediately. O

Equation (6) reveals the key effect of the nonsmooth regularizer. When the net surplus lies
strictly inside (—a, ), i.e., near the indifference region, the regularized fluid target calls for
serving exactly one half of type-j demand. This observation motivates a randomized choice
between the desired bundle and the null bundle. We next implement such choices through the

generalized posted-price interface.

3.2 The Perturbed Posted Price mechanism

We now implement action choices that are compatible with the rule in (6) through the generalized
posted-price interface of Definition 1. Recall that each buyer of type j;’s best response is
supported on {0, sjt}.l Then one can represent buyer of type j:’s choice of randomization as a
single parameter § € [0, 1], where § £ 0s;, and 1 — 6 = og. In every period, the mechanism uses

the type-independent adjustment

vo)2 5 (5| -3])- (7)

Mechanism 1 summarizes the PPP mechanism.

1Since buyers are single-minded, any bundle other than ¢ and s, is valued —oo.

13



Mechanism 1 PPP for online packing
1: fort=T,T—1,...,1do
2:  Select any Af € A(by,tp) by solving (5).
3:  Post A} and the adjustment function (7) on A(S(by)).
4:  The buyer selects any best response in Proposition 1; draw S; from that lottery.
5. Allocate S; and update b;_; = b; — ag,.
6: end for

The adjustment function (7) is time-homogeneous and type-independent. We next charac-
terize the buyer’s best response and show that it is compatible with the regularized fluid target

in (6).

Proposition 1 (Buyer best response). Fix a time period t € [T| and posted prices A¢. Denote
the arriving buyer ji’s single desired bundle by sj, € S. If aj, £ by, the null bundle is the unique
finite-utility feasible choice of a type-ji buyer. If a;, < by, every finite utility best response is

supported on {0,s;,}. Writing § = 0s;,, the best response correspondence under (7) is

{1}, if 7, —ajTt)\t > af2,
[1/2, 1], ifrj, —a A = a/2,
BRj, (M) = ¢ {1/2}, if —a/2 <rj—alA <a/2, (8)
0,1/2]  if rj, —aj A = —a/2,
{0} if rj, — a;}\t < —a/2.

We illustrate the best response correspondence in Figure 2.

—
—

Probability of accepting bundle s;
=
)

Probability of accepting bundle s;

(==}
o

0 —a/2 0 /2
Surplus r; —a;’ A Surplus r; —a;’ A

Figure 2: Buyer best response under conventional posted-price mechanism (left) and under PPP
(right).

Proof of Proposition 1. Because all other non-null bundles have value —oo, a finite-utility lottery

14



is supported on {0, s;,}. The buyer therefore solves

5— =

«
max 0(r;, — ajTt)\t) ~3 5

(0%
0<6<1 + 4 (9)

|

The objective has slope r;, — a};)\t +a/2 on [0,1/2] and slope rj, — a};)\t —a/2 on [1/2,1]. This

gives all five cases in (8). O

Two observations will be useful. First, the adjustment in any period is at most /4 = €/(47T).
Thus, if adjustments are interpreted as external implementation costs rather than transfers,
the total cost incurred by PPP is at most €/4. Second, Proposition 1 allows multiple utility-
maximizing actions at the boundary r;, — a;;)\,’j = +a/2. Our performance guarantee is robust
to arbitrary tie-breaking at these boundary points. The next lemma formalizes this robustness
by showing that every decentralized best response remains aligned with the regularized fluid

target.

Lemma 2 (Tie-breaking-robust action implications). Fiz (b,u), z* € Z(b,u), and \* €
A(b,u). Suppose the type-j desired bundle is feasible and the buyer selects any § € BR;j(A¥).
Then

5>0 = 7>, §<1 = < (10)

Consequently, if X ~ Bernoulli(§), then almost surely

X=1= >4  X=0— z*ﬁ%.

2 J

Proof of Lemma 2. If 6 > 0, (8) implies r; — a;-r}\* > —a/2 > —a. Lemma 1 therefore gives
z; > wu;/2. 1f 6 < 1, (8) implies 7; — ajT)\* < a/2 < a, so the same lemma gives z; < u;/2. The
realized-action implications follow because X = 1 has probability zero when d = 0, and X =0

has probability zero when § = 1. O
We now state the performance guarantee for PPP.

Theorem 1 (Constant regret of PPP). For online packing (network revenue management),
under any selection from the buyer best-response correspondence, the Perturbed Posted Price

mechanism PPP satisfies

1
REG(PPP) <e+ <drmax + §> <5n + 16(/€ + 1)2n3 Z p2> )
j€ln] *J

15



where the constant k < 0o depends only on the consumption matriz A. The bound is independent

of both the horizon T and the initial inventory b.

3.3 Analysis
We compare PPP with two auxiliary benchmarks. Fix a realized type sequence w = (jr, ..., j1).

For t € {0,1,...,T}, define

t

L) 2 1 =34}, L) 2 T0)jep.

s=1

Thus |T'(t)[s =t and I'(t—1) = I'(t) —ej,. At the state reached by PPP, define the unregularized

and regularized hindsight values by
F, 2 F(by,T(t)), @ £ ®4(by, T(1)),

with Fy = &9 = 0. Since Fp allows fractional allocations, it upper-bounds the hindsight first

best on every sample path:

SWIB(w) < Fr. (11)
Our first step bounds the pathwise cost of regularization, i.e., the gap between F; and &;.

Proposition 2 (Cost of regularization). For every b € R and u € R”},
0 < F(b,w) - ®a(b,w) < Zul. (12)

Consequently, 0 < Fy, — &, < et/(2T).

Proof of Proposition 2. The first inequality follows because the regularization penalty is non-
negative. Let z be an optimizer of F(b,u). It is feasible for (4), and 0 < z; < u; implies

|Z; — uj/2| < wu;/2. Therefore,

Uy a
®,(b,u) ZF(b,u)—a%:]‘zj—Qj‘ ZF(b,u)—iﬂqu. O
j€n

We next compare the different actions taken under PPP and under the optimal solution of

hindsight optimal regularized problem ®;. Let
Xt = ﬂ{St = Sjt}
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be the realized purchase indicator under PPP, and recall that Z(by, I'(¢)) is the hindsight regular-
ized optimizer set (see (4)). Intuitively, we will compare these two decisions such that whenever
PPP takes an online action, we will ask whether this action can be embedded in Z(by, I'(¢)). If
such an embedding is not possible, we say that there is a disagreement, and we will keep track
of how much compensation is needed to force Z(b;,I'(t)) to track the actions of PPP.

Given any z; € Z(by,I'(t)), note that 27 , is the total number of buyers of type j; served
among the remaining I';, (t) buyers. Therefore, if there exists an optimal solution z; € Z(b, I'(t))
such that 27 > 1, then ®; can serve the current buyer without changing its value. Similarly, if
there exists an optimal solution z; € Z(by, I'(¢)) such that 25 < T’ (t) — 1, then ®; can reject

the current buyer without changing its value. Define the disagreement event

E, 2 {X, =1, sup zi, <1 U{X:O, inf ZA>F,t_1}. 13
t { ' z€Z (b, (1)) g } ! 2eZ(by,T(t) ' (1) (13)

Because Z(by,I'(t)) is compact, the supremum and infimum in (13) are attained. Outside E,
we can select a hindsight regularized optimizer whose solution on the current buyer agrees with
the realized PPP action.

To translate a disagreement into welfare loss, the next deterministic lemma bounds the loss

caused by forcing one action in the unregularized hindsight problem Fj.

Lemma 3 (One-step trimming bound). Let u € Z7 with u; > 1, let x € {0,1} satisfy xa; < b,

and set b’ =b —za; and W' =u—e;. Then
F(b,u) —rjxz — F(b',v') < drpax. (14)

Proof of Lemma 3. An incorrect rejection of type-j buyer decreases F' by at most r;, since
any optimizer can be made feasible by removing at most one unit of type-j service. Similarly,
reducing the capacity of any resource by one decreases F' by at most rp.x: any resulting violation
is at most one and, because A is integral, it can be eliminated by removing at most one unit of
total service from classes that use that resource. Therefore, an incorrect acceptance of type j

buyer decreases F' by at most ||a;||17max. We have

F(b,u) —rjz — F(b—zaj,u—e;) < (1 —2)r; + z||a;|17max

< drmax-
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O]

Proposition 3 (Pathwise compensation bound). For any realized type sequence and every re-

alization of the mechanism’s lotteries,

T T

€ €
CI)T — ertXt S 5 + (d'rmax + 5) Z ]].{Et} (15)
t=1 t=1

Proof of Proposition 3. Define the one-period increment
At = (Pt — Ttht — ét—l-

These increments telescope to the left-hand side of (15). Suppose first that E; does not occur.
If Xy =1, select z € Z(b,I'(t)) with z;, > 1. Then z — ej, is feasible for the hindsight
regularized program at ¢ — 1. The reward terms cancel, and only the center of coordinate j; in
the regularization term changes. Hence it follows from triangle inequality that

I (t
— |2z, — J;()D S%

At§a<

L, (t)—1
th_l_ﬁ()‘

2

If Xy =0, select z € Z(by, I'(t)) with 2z;, <T'j,(¢t) — 1. The same vector is feasible at t — 1,
and the identical triangle inequality argument again gives Ay < ar/2.

If E, occurs, Proposition 2 and Lemma 3 give

(6
At S Ft — Ttht — Ft—l + E(t — 1)

€
< drmax + 9
Thus, for every t,
e €
At S — + (drmax + 7) ]l{Et}
2 2
Summing over ¢ and using T'o/2 = €/2 proves the result. O

It remains to control the expected number of disagreements. The key ingredient is stability

of the regularized LP with respect to the demand upper-bound vector.

Lemma 4 (Stability of the regularized optimizer set). There exists k < 0o, depending only on

the fized constraint matriz determined by A, such that for every b, every u,u’ € R}, and every
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z € Z(b,u), there is z' € Z(b,u’) satisfying
Iz — 2]l < &flu—ul|1. (16)
Proof of Lemma 4. Introduce variables y; and rewrite (4) as the linear program

max Y (rjzj — ay;)

z7y
j€(n]
subject to Az < b,
Yi— 2= /2, gtz 2 /2,

OSijUj/Q, 0§Zj§u]‘, jG[n]

The added upper bound on y; does not change the optimizer set because every feasible z; € [0, u;]
satisfies |z; —u;/2| < u;/2, and an optimum always takes y; = |z; —u;/2|. The coefficient matrix
is therefore fixed once A is fixed; only the right-hand side changes with (b, u). The Lipschitz
stability theorem for linear-program solution sets in Mangasarian and Shiau (1987, Theorem 2.4),

applied to this formulation and projected onto the z coordinates, gives (16). ]
We can now bound the expected number of disagreements.

Proposition 4 (Expected number of disagreements). The disagreement events in (13) satisfy

T

1
> P(E) <bn+16(k+1)°n" > —. (17)
P} : p;

J€E[n]

Proof of Proposition 4. For each j, split the type-j disagreement events into

Et—zéEtm{]t:j7Xt:1}7
Et_’]éEtﬂ{]t:j,Xt:O, aj Sbt};

EY ;2 EN{ji=4,X:=0, a; £ b;}.
Then E; is the disjoint union of these events over j € [n].

Let D; £ ||T'(t) — tp|1. Fix j and suppose p;t > 4. Take any optimizer z € Z(by,tp) and

the corresponding z"! € Z(by, T'(t)) supplied by Lemma 4. If E;r] occurs, the action implications
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in (10) give zJF > pjt/2, whereas the definition of disagreement gives z]H < 1. Therefore,

it it
ﬁDt2|sz—zJH\>% 12%

If B, ; occurs, then z < p;t/2 and z >T'(t) — 1. Since I'j(t) > p;t — Dy,

kD¢ > T';(t) — —%_%— — Dy,
o (k+1)Dy > pjt/2 —1 > p;t/4. In either case,
_ p;t
ENLUE, CSDy>—1—1. 18
t.j t,J—{ t 4(/<;+1)} (18)

If ||T'(t) — tp||1 > a, at least one coordinate differs from its mean by at least a/n. Hoeffding’s

inequality and a union bound therefore imply, for p;t > 4,

2
pit
+ — J
]P(Et,j U Et,j) S 2neXp (—W> .

Summing the geometric series and using e* — 1 > x gives

16(k + 1)%n3

Y. PELUE) < ——5—. (19)
tpit>4 pj
For the remaining periods,
Y. BELUE)< Y Pli=j) <4 (20)
tipjt<d tipjt<4

It remains to bound Eg I If this event occurs, every hindsight regularized optimizer has
z; > T(t) — 1. If I';(t) > 2, then z; > 1, and feasibility would imply a; < by, contradicting the
definition of Eg ;- Hence

Y C e =14, T;(t) =1},

and independence gives
T [e'e)
IELIED AR 1)
t=1 t=1

Summing (19), (20), and (21) over j proves (17). O
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Proof of Theorem 1. By (11), Proposition 2, and Proposition 3,

T T
SWFB(W) — ertXt S FT — (I)T + @T — ertXt

t=1 t=1
L
S €+ <drmax + 5) Z ]l{Et}
t=1
Taking expectations and applying Proposition 4 yields the stated bound. O

Remark 2. The proof of Theorem 1 follows the same broad intuition as the compensated-
coupling approach of Vera and Banerjee (2021): force a hindsight benchmark to follow the online
policy and charge a bounded compensation whenever their actions disagree. Their machinery,
however, does not apply directly here because it requires the offline benchmark to be the value-to-
go function of a sequential offline control problem. Our reqularized hindsight benchmark generally
does not satisfy such a Bellman recursion, because removing the current buyer also re-centers
the reqularization term. We therefore use the compensated-coupling intuition but establish the

comparison through a direct pathwise compensation argument.

4 Extensions and Final Remarks
The binary opt-in or opt-out structure of online packing is not essential to our methodology.
We illustrate this by extending PPP to online matching, where a buyer may choose any one of

the available resources.

Online matching. There are m resources and n buyer types. A type-j buyer obtains value
rij > 0 from being matched to resource ¢ € [m] and value zero from remaining unmatched.
Every buyer therefore faces the same action set S = {0, {1},...,{m}}. We have v;({i}) = ry,

ag; = e, with vj(0) = 0. For online matching, PPP uses the adjustment

L-llolle),  oecA™ (22)

| Q

y(o) =

Every buyer chooses a lottery over the same m resources and the null action. The corresponding

regularized fluid problem at time t is:

W
®,(b,u) £ max Z Z TijZji — Q <sz”oo - 2 ) (23)

{zi}iem jE€[n] |i€[m] +1
subject to Z zji < by, i € [m],
j€ln]
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z; > 0, Z Zji = Uj, Jj € [nl.
1€[m|u{0}
Rather than repeating the entire online packing analysis, we isolate the step in which the
richer action space matters. The following lemma is the matching analogue of Lemma 2: ev-
ery action that the buyer may actually choose receives a nonnegligible amount of mass in the

regularized fluid target.

Lemma 5 (Matching action implication). Fiz (b,u) with u; > 0, let z* be any regularized fluid
optimizer, and let X* be any corresponding dual optimum. FEvery type-j buyer best response o

satisfies
Uy

T i€ [m]u{d}.

;>0 = z;>

Proof of Lemma 5. Define the net surplus of resource i by ¢; = rij — A; and set gy = 0. Ignoring
the additive constant in (22), the buyer solves

max {qTa - gHa'|| } .
ocAm+l 2 >

The normalized fluid allocation z; Ju; solves the same problem with the larger regularization
coefficient . To compare these two problems, consider a generic coefficient ¢ > 0. Order
the surpluses as q(1) > -+ > q(n41)- Every extreme optimizer is uniform on a set of the k

highest-surplus actions. Define

Hy = Z(Q(e) — k) H; =0.
<k

Support size k is optimal exactly when Hy < ¢ < Hyyg.

Now suppose g; > 0. Since every optimal lottery is a convex combination of optimal extreme
points, some optimal extreme point for ¢ = /2 contains action i. Let b; = |{€ Lqp > qz}‘ be the
number of actions whose surplus is at least that of . The preceding characterization, including
ties, implies Hp, < /2. Consider an extreme fluid optimizer, which corresponds to ¢ = a. If its
support had size k < b;, optimality would require o < Hy11 < Hjp, < 5, a contradiction. Hence
every extreme fluid optimizer contains action i. Because it is uniform on a support of at most
m + 1 actions, it assigns probability at least 1/(m + 1) to i. Every fluid optimum is a convex

combination of optimal extreme points, and therefore z7;/u; > 1/(m +1). O
Lemma 5 supplies the key disagreement implication used in the online packing analysis.

22



The pathwise compensation argument then proceeds as in Proposition 3. Consequently, the
same proof architecture yields constant expected regret for online matching, independent of the
horizon and initial inventory.

Future work. Several directions remain open. The present guarantees rely on a finite and
known type distribution, independent arrivals, and non-replenishable inventories. It would be
valuable to determine whether the same implementation principle extends to unknown or non-
stationary demand distributions. More broadly, our results suggest studying which nonsmooth
regularizers both admit simple anonymous menu implementations and provide the stability re-
quired for horizon-uniform performance. Such a characterization could expand the range of
online markets in which decentralized prices coordinate privately informed agents without sac-

rificing the strongest attainable regret guarantees.
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